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Abstract. We investigate the computational complexity of the satish- 
ability problem of modal inclusion logic. We distinguish two variants of 
the problem: one for strict and another one for lax semantics. The com¬ 
plexity of the lax version turns out to be complete for EXPTIME, whereas 
with strict semantics, the problem becomes NEXPTIME-complete. 


1 Introduction 


Dependence logic was introduced by Jouko Vaananen [12| in 2007. It is a first- 
order logic that enables one to explicitly talk about dependencies between vari¬ 
ables. It thereby generalizes Henkin quantifiers and also, in a sense, Hintikka’s 
independence-friendly logic. Dependence logic can be used to formalize phenom¬ 
ena from a plethora of scientific disciplines such as database theory, social choice 
theory, cryptography, quantum physics, and others. It extends first-order logic 
by specific terms dep(a:i,..., Xn-i,Xn) known as dependence atoms, expressing 
that the value of the variable Xn depends on the values of Xi,..., Xn-i, i.e., a:„ 
is functionally determined by xi,..., As such a dependence does not make 

sense when talking about single assignments, formulas are evaluated over sets of 
assignments, called teams. The semantics of the atom dep(a:i,..., a:„) is 

defined such that it is true in a team T if in the set of all assignments in T, the 
value of Xn is functionally determined by the values oi xi,..., Xn-i- 

In addition to dependence atoms, also generalized dependency atoms have 
been introduced in the literature. Examples include the independence atom (as¬ 
serting that two sets of variables are informationally independent in a team), the 
non-emptiness atom (asserting that the team is non-empty), and, most impor¬ 
tantly to the present paper, the inclusion atom x C y for vectors of variables x, y, 
asserting that in a team, the set of tuples assigned to x is included in the set of 
tuples assigned to y. This corresponds to the definition of inclusion dependencies 
in database theory, which state that all tuples of values taken by the attributes 
X are also taken by the attributes y. 



Vaananen [13| also introduced dependence atoms into modal logic. There 
teams are sets of worlds, and a dependence atom dep(pi,... holds in 

a team T if there is a Boolean function that determines the value of Pn from the 
values ofpi,... ,Pn-i in each world in T. The so obtained modal dependence logic 
MDL was studied from the point of view of expressivity and complexity in |ll| . 
Following the above mentioned developments in first-order dependence logic, 
modal dependence logic was also extended by generalized dependency atoms in 

such as, e.g., independence atoms and inclusion atoms. 

In the context of first-order dependence logic and its variants, two alternative 
kinds of team semantics have been distinguished, lax and strict semantics 0. 
Lax semantics is the standard team semantics, while for strict semantics, some 
additional uniqueness or strictness properties are required. In the modal context, 
this mainly concerns the diamond modality {>■ Usually, i.e., in lax semantics, a 
formula Op holds in a team T if there is a team S such that every world in T has 
at least one successor in S and p holds in S. (Also, the worlds in S are required 
to have a predecessor in T.) In strict semantics, we require that S contains, for 
every world in T, a unique successor given by a surjection f : T ^ S. (In first- 
order logic, strict semantics for the existential quantifier is defined similarly.) In 
both the modal and the first-order context, the operator known as splitjunction 
is also defined differently for lax and strict semantics (see Section [5] below). 

For many variants of first-order and modal dependence logic, there is no dis¬ 
tinction in expressive power between the two semantics. However, the choice of 
semantics plays a role in independence and inclusion logics, i.e., team semantics 
over (first-order) logics with the independence and inclusion atoms. For exam¬ 
ple, in the first-order case, inclusion logic under strict semantics has the same 
expressive power as dependence logic, i.e., ESO (existential second order logic) 
Q and hence NP, while under lax semantics it is equivalent to greatest fixpoint 
logic and hence can express exactly the polynomial-time decidable properties 
over finite ordered structures. 

The purpose of the present paper is to exhibit a further context in which 
a quite dramatic difference between the two flavours of team semantics exists. 
We turn to modal inclusion logic and study the computational complexity of 
its satisfiability problem. For lax semantics, we show EXPTIM E-completeness by 
proving the upper bound via a translation to a variant of PDL, and the lower 
bound by a reduction from a succinct encoding of a P-complete problem. Satisfi¬ 
ability under strict semantics is shown NEXPTIME-complete using a translation 
into two-variable logic with counting (upper bound) and a chain of reductions 
from a dependence version of QBF-validity (lower bound). The complexity dif¬ 
ference also holds for the finite satisfiability problem. 


2 Preliminaries 

Let 7T be a countably infinite set of proposition symbols. The set of formulas of 
modal inclusion logic Mine is defined inductively by the following grammar. 

p::=p\^p\ ((p^ A P2) \ipi\/ P2) \ Pi---Pk ^qi---qkl Op \ Op, 
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where p,pi,... ,pk,qi, ■ ■ ■ ,qk G n are proposition symbols and k is any positive 
integer. The formulas pi- • - pk Q qi ■ ■ ■ qk are called inclusion atoms. For a set 
•P C n, we let Mlnc(<?) be the sublanguage where propositions from (p are used. 
Observe that formulas are essentially in negation normal form; negations may 
occur only in front of proposition symbols. 

A Kripke model is a structure M = {W,R,V), where W 7 ^ 0 is a set (the 
domain of the model, or the set of worlds/states), RQW xW \s a binary rela¬ 
tion (the accessibility or transition relation), and V: PI ^ V{W) is a valuation 
interpreting the proposition symbols. Here V denotes the power set operator. 

The language of basic unimodal logic is the sublanguage of Mine without 
formulas pi • ■ • Pk Q qi' ■' qk- We assume that the reader is familiar with standard 
Kripke semantics of modal logic; we let M, re Ih p denote the assertion that the 
point w a W oi the model M satisfies p according to standard Kripke semantics. 
We use the symbol Ih in order to refer to satisfaction according to standard 
Kripke semantics, while the symbol |= will be reserved for team semantics, to 
be defined below, which is the semantics Mine is based on. 

Let T be a subset of the domain IT of a Kripke model M. The set T is called 
a team. The semantics of the inclusion atoms pi ■ • ■ Pk Q qi ■ ■ ■ qk defined such 
that M, T \= Pi ■■■ Pk Q qi • ■ • qk iff for each u € T, there exists a point v € T 
such that /\ [u G V{pi) ^ V G V{qi)). The intuition here is that every 

vector of truth values taken hy pi,... ,pk, is included in the set of vectors of 
truth values taken by qi,... ,qk. 

Let M = (IT, R, V) be a Kripke model and T C IT a team. Define the 
set of successors of T C IT to be R{T) := {s G W \ 3.s' G T : {s',s) G R}. 
Also define R{T) := {T' <G W \ 'is G T3s' G T' s.t. (s, s') G i? and Vs' G 
T' 3s G T s.t. (s, s') G R}, the set of legal successor teams. The following clauses 
together with the above clause for inclusion atoms define lax semantics for Mine. 

M,T \=^ p w GV{p) for all w GT. 

M,T \=^ ^p w Ip) holds for all w GT. 

M,T\=^ipA^^M,T^‘^ipandM,T 1=^ 

M,T \=^ (pi iP M,S \=^ (p and M, S' \=^ ip for some S,S' CT such that 
we have S U S' = T. 

M, T\=^np M, R{T) \=^ p. 

M,T\=^()p GA3T' gR{T) -. M,T' p 

The other semantics for Mine, strict semantics, differs from the lax semantics 
only in its treatment of the disjunction V and diamond O- Therefore, all other 
clauses in the the definition of |=® are the same as those for \=^. The clauses for 
V and 0 in strict semantics are as follows. 

M,T \='^ pi ^p M,S )=" p and M, S' ip for some S,S' CT such that 
S' U 5" = T and S' n 5" = 0. 

M,T |=® ()p M,f(T) |=® p for some function f: T ^ W such that 

(■u, fiu)) G R for all u GT. (Here f{T) = { f(u) | w G T }.) 


3 



The difference between lax and strict semantics is as the terms suggest. In 
strict semantics, the division of a team with the splitjunction V is strict; no point 
is allowed to occur in both parts of the division contrarily to lax semantics. For 
0 , strictness is related to the use of functions when finding a team of successors. 

It is well known and easy to show that for a formula (p of modal logic, i.e., 
a formula of Mine without inclusion atoms, M, T \=^ ip iff Vw G T{M,w lb p), 
where lb denotes satisfaction in the standard sense of Kripke semantics. The 
same equivalence holds for |=®. This is the so-called flatness property. 

The satisfiability problem of Mine with lax (strict) semantics, is the problem 
that asks, given a formula p of Mine, whether there exists a nonempty team T 
and a model such that M, T \=^ p {M, T p) holds. Two different problems 
arise, depending on whether lax or strict semantics is used. The corresponding 
finite satisfiability problems require that a satisfying model has a finite domain. 


3 Computational Complexity 


3.1 Upper bound for lax semantics 


In this section we show that the satisfiability and finite satisfiability problems 
of Mine with lax semantics are in EXPTIME. The result is established by an 
equivalence preserving translation to propositional dynamic logic extended with 
the global and converse modalities. It is well-known that this logic is complete 
for EXPTIME (see fliQ). In fact, we will only need multimodal logic with 
the global modality and converse modalities for our purposes. 

Let n and 7^ be countably infinite sets of proposition and binary relation 
symbols, respectively. We define the following modal language C via p ::= 
p I -^p I {pi A P 2 ) I {R)p I {R~^)p I {E)p. Here p G 11, R € TZ, and E 
is a novel symbol. The (classical Kripke-style) semantics of £ is defined with 
respect to ordinary pointed Kripke models (M, w) for multimodal logic. Let 
M = {W, {R}u€:'R-, V) be a Kripke model, where V: 11 V{W) is the valuation 
function interpreting proposition symbols. The following clauses define the se¬ 
mantics of £ (notice that we use the turnstile lb instead of |=, which is reserved 
for team semantics in this paper). 


M,w\\-p 
M, w \\- Pi /\ p 2 
M, w lb {R)p 
M, w lb {R~^)p 
M, w lb {E)p 


w€V{p) and M,w\\ — 'p^M,w\y-p 

M, w lb Pi and M, w lb p 2 

M, u\\- p for some u such that wRu 

M, M lb for some u such that uRw 

M, M lb for some u €W 


We next define a satisfiability preserving translation from modal inclusion 
logic to £. We let [i?] and [E] denote “'(7?)“' and ^{E)^, respectively. Before we 
fix the translation, we define some auxiliary formulas. 

Let d be a formula of Mine. We let SUB(6) denote the set of subformulas 
of 9] we distinguish all instances of subformulas, so for example p f\p has three 
subformulas (the right and the left instances of p and the conjunction itself). 
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For each formula ip S SUB{9), fix a fresh proposition symbol that does not 
occur in 9. We next define, for each ip € SUB{9), a novel auxiliary formula Xv 
li p € SUB{9) is a literal p or -ip, we define x<p ■— {^]{Pv P }■ 

Now hx a symbol R G 7Z, which will ultimately correspond to the diamond 
used in modal inclusion logic. For the remaining subformulas p of 9, with the 
exception of inclusion atoms, the formula Xip is defined as follows. 

1 - X^pA'ip [-^1 ( {P^pATp P^^ U [PipAljj ^ P'tp') ) 

2. X^'^'ip [-^1 ( P^ytp ^P^ U Pi/i) ) 

3- xav '■= [E]{ {pov [R\Pv) A {p^ ->■ (i?"^)pn^) ) 

4 - XOv ■= [-^]( (POv {R)Pv)^iPv {R~^)P0v> ) ) 

We then define the formulas Xay where a G SUB(9) is an inclusion atom. 
We appoint a fresh binary relation Ra for each inclusion atom in 9. Assume a 
denotes the inclusion atom pi ■ ■ - pk Q Qi ■ ■ ■ Qk- We define 

xi ■= A [E]{{Pa/\p^) ^ {Ra){PaAqi)), 

i G {l,..,fc} 

Xa := A [E]{{paA^p^) {Ra){Pa A^q^)), 

i e 

Xa —X^Ax" A A [E]{{Ra)q^ ^ [Rc]qi). 

i e {i,...,fe} 

Finally, we define pg := pg A A X^p ■ 

ip&SUB(9) 

Theorem 1. The satisfiability and finite satisfiability problems for modal inclu¬ 
sion logic with lax semantics are in EXPTIME. 

Proof. We will show that any formula 9 of modal inclusion logic is satisfiable 
iff its translation pg is. Furthermore, 9 is satisfiable over a domain W iff pg is 
satisfiable over W, whence we also get the desired result for finite satisfiability; £ 
has the finite model property since it clearly translates to two-variable logic via a 
simple extension of the standard translation (see [l| for the standard translation). 

Let M = {W,R,V) be a Kripke model. Let I{9) C SUB{9) be the set of 
inclusion atoms in 9. Assume that M, X \=^ 9, where A is a nonempty team. 
We next define a multimodal Kripke model N := {W, R, {Ra}a£ i(g),V U U), 
where U: {p^p \ p G SUB{9)} — 5 > 'P(W) extends the valuation function V. 

Define U{pg) = X. Thus we have M,U{pg) |=^ 9. Working from the root to¬ 
wards the leaves of the parse tree of 9, we next interpret the remaining predicates 
p^ inductively such that the condition M, U{p^) |=^ p is maintained. 

Assume U{ptI;aiP') has been defined. We define U{p.fi) = U{p.,pi) = 

As M,U{p^aiP') tpAtp', we have M,U{p^) \=^ and M,U{p^i) \=^ fi'. 
Assume then that U{p^\/.^>) has been defined. Thus there exist sets S and S' 
such that M,S \=^ if and M,S' \=^ if', and furthermore, ^ U S" = 

We define U{p^) = S and U{p^') = S'. Consider then the case where U{p(^^) 
has been defined. Call T := U{p()p). As M,T \=^ (fp, there exists a set T' CW 
such that each point in T has an i?-successor in T", and each point in T' has an 
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i?-predecessor in T, and furthermore, M,T' \=^ ip. We set U(p^) := T'. Finally, 
in the case for poip, the set U{p^) is defined to be the set of points that have an 
i?-predecessor in 17(pn^). 

We have now fixed an interpretation for each of the predicates p^p. The rela¬ 
tions Ra , where a is an inclusion atom, remain to be interpreted. Let pi ■ • ■ Pk Q 
qi • ■ • Qk he an inclusion atom in 9, and denote this atom by a. Call T := U{pa). 
Let u £ T. Since M, T a, there exists a point v £ T such that for each 
i £ {1,... ,k}, u £ V{pi) iff e V{qi). Define the pair {u,v) to be in Ra. In this 
fashion, consider each point u in T and find exactly one corresponding point v 
for M, and put the pair (u, v) into Ra- This fixes the interpretation of Ra- 

Let w £ X = U{pe). Recalling how the sets U{p^) were defined, it is now 
routine to check that N,w Ih ipg. 

We then consider the converse implication of the current theorem. Thus we 
assume that N,w Ih ipg, where N is some multimodal Kripke model in the 
signature of ipg and w a point in the domain of N. We let W denote the domain 
and V the valuation function of N. 

For each ip £ SUB{9), define the team := V{pp,). We will show by 
induction on the structure of 9 that for each ip £ SUB(9), we have N, X^, \=^ ip. 
Once this is done, it is clear that M, Xg \=^ 9, where M is the restriction of N 
to the signature of 9, and we have Xg 

Now recall the definition of the formulas Xv^ where ip £ SUB(9). Let p £ 
SUB{9). It is clear that N,Xp \=^ p, since N,w Ih Xp- Similarly, we infer that 
N,X^q 1=^ -ig for -iq G SUB(9). 

Consider then a subformula pi • ■ - pk C qi • ■ • qk oi ip. Denote this inclusion 
atom by a. Consider a point u £ Xa. If u satisfies pi for some i £ {I,..., fc}, 
then we infer that since fV, ic Ih there exists a point Vi £ Xa that satisfies qi. 
Similarly, if u satisfies ~'Pj, we infer that since iV, ru Ih there exists a point 
Vj £ Xa that satisfies ^qj. To conclude that N,Xa \=^ a, it suffices to show 
that all such points Vi and Vj can be chosen such that such that Vi = Vj for all 
i,j £ {l,...,fc}. This follows due to the third conjunct of Xa- 

Having established the basis of the induction, the rest of the argument is 
straightforward. We consider explicitly only the case where the subformula under 
consideration is ()ip. Here we simply need to argue that for each u £ Xt^^p, there 
exists a point v £ X^ such that uRv, and for each u' £ X^,, there exists a point 
v' £ X(),p such that v'Ru'. This follows directly, since N, w Ih x<)v 


3.2 Lower bound for lax semantics 

In this section we prove that the satisfiability problem of MI nc with lax semantics, 
MInc-lax-SAT, is hard for EXPTIME. We do this by reducing the succinct version 
of the following P-hard problem to it which is closely related to the problem 
PATH SYSTEMS 0, p. 171]. 

Definition 1. Let PER be the following problem: An instance o/PER is a struc¬ 
ture 21 = {A, S) with A = {1,..., n} and S £ A^. A subset P of A is S'-persistent 
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if it satisfies the condition (*) if i £ P, then there are j,k £ P such that 
(i,j, k) £ S. ‘Ql is a positive instance if n £ P for some S-persistent set P £ A. 

It is well known that structures {A, S) as above can be represented in a 
succinct form by using Boolean circuits. Namely if C is Boolean circuit with 3 • I 
input gates then it defines a structure 2lc = {Ac, Sc) given below. We use here 
the notation tt(ai ,... ,ai) for the natural number i, whose binary representation 
is (oi,..., ai). Let Ac = 2^}, and for all i,j, k £ A, let {i,j, k) £ Sc if 

and only if C accepts the input tuple (oi,..., o/, 6i, ci,..., c;) £ {0,1}^*, 

where i = jl(ai,..., ai), j = jl(6i, ■ ■ ■ ,bi) and k = tt(ci,..., ci). We say that C is 
a succinct representation of Sic- 

Definition 2. The succinct version of PER, S-PER, is the following problem: 
An instance o/S-PER is a circuit C with 31 input gates. C is a positive instance, 
if 2lc is a positive instance of PER. 

Proposition 1. S-PER is EKRTIME-Ziard with respect to PSPACE reductions. 

Proof. (Idea.) The succinct version of the CIRCUIT VALUE problem is poly¬ 
nomial space reducible to S-PER. Since succinct CIRCUIT VALUE is known to 
be EXPTIME-complete (see [^, Section 20]), the claim follows. For the details 
of the proof, see the appendix. □ 

We will next show that S-PER is polynomial time reducible to the satisfiabil¬ 
ity problem of Mine with lax semantics, and hence the latter is also EXPTIME- 
hard. In the proof we use the following notation: If T is a team and pi,... ,pn 
are proposition symbols, then T{pi,... ,pn) is the set of all tuples (oi,..., a„) G 
{0, !}"■ such that for some w £ T, at = 1 w £ V{pt) for t G {1,... ,n}. 

Note that the semantics of inclusion atoms can now be expressed as 

M,T \=pi---pnCqi---qn T{pi,...,pn)£T{qi,...,qn). 

Theorem 2. The satisfiability and finite satisfiability problems for Mine with 
lax semantics are hard for EXPTIME with respect to PSPACE reductions. 

Proof. Let C be a Boolean circuit with 3/ input gates. Let gi,... ,gm be the 
gates of C, where gi,... ,g^i are the input gates and gm is the output gate. We 
fix a distinct Boolean variable pi for each gate gt. Let <!> be the set {pi,... ,pm} 
of proposition symbols. We define for each i £ {3/ -|- 1,... ,m} a formula 9i £ 
Mlnc(<?) that describes the correct operation of the gate gp. 

{ Pi GG -ipj if gi is a NOT gate with input gj 

Pi GG {pj Apk) if gi is an AND gate with inputs gj and gt 
Pi GG {pj V pk) if gi is an OR gate with inputs gj and gt 

Let ipe be the formula (A 3 ;+i<i<m P™- Thus, fie essentially says that the 

truth values oi pi, I <i<m, match an accepting computation of C. 
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Now we can define a formula ipc of Mlnc(<P) which is satisfiable if and only if 
C is a positive instance of S-PER. For the sake of readability, we denote here the 
variables corresponding to the input gates gi+i, ■■■,921 by qi,... ,qi. Similarly, 
we denote the variables P 2 /+ 1 , ■ ■ ■ ,P 3 i by ri,..., r/. 

ipc :=ipc ^ qi-■-qi Qpi-■-pi a ri • •-n c • •-p; a Pm---Pm Qpi---pi. 

Note that pc can clearly be constructed from the circuit C in polynomial time. 

Assume first that pc is satisfiable. Thus there is a Kripke model M = 
(IE, i?, V) and a nonempty team T of M such that M,T \=^ pc. Consider the 
model Qlc = (Ac, Sc) that corresponds to the circuit C. We define a subset P 
of Ac as follows: P := {tt(ai, ...,ai) \ (oi, ...,ai)G T{pi,... ,pi)}. 

Observe first that since M,T \=^ pm and M,T \=^ Pm---Pm C pi---p;, 
(1,..., 1) G T(pi,... ,pi) and hence 2* = (1(1,..., 1) € P. Thus, it suffices to 
show that P is 5'c-persistent. To prove this, assume that i = tl(ai ,... ,ai) G P. 
Then there is a state w GT such that w GV (pt) a* = 1 for 1 < t < L 
Define now c* G {0,1}, 1 < t < ^, by the condition 

6 t = 1 w G V(qt) and Ct = 1 w G V(rt). 

As M, T \=^ il^c, it follows from flatness that M, w Ih By the definition of 
ipc, this means that the circuit C accepts the input tuple (oi ,... ,ai,bi,... ,bi, 
Cl,.. .,ci). Thus, (i,j, k) G Sc, where j = \){bi, ... ,bi) and k = tt(ci, ... ,ci). 

We still need to show that j, k G P. To see this, note that since M, T \=^ 
qi ■ ■ ■ qi C Pi ■■ ■pi, there exists w' G T such that 

w' G V{pt) w G V(qt) bt = 1 for 1 < t < 1. 

Thus, (bi,... ,bi) G T{pi,... ,Pn), whence j G P. Similarly we see that k G P. 

To prove the other implication, assume that C is a positive instance of the 
problem S-PER. Then there is an S'c-persistent set P C Ac such that 2* G P. 
We let M = (W, R, V) be the Kripke model and T the team of M such that 

— T = W is the set of all tuples (ai,...,am) G {O,!}™ that correspond to 
an accepting computation of C and for which tt(ai,..., ai), tt(ai+i,..., a 2 i), 
tt(a 2 i+i, • ■ •, 0 , 31 ) G P, 

— R = %, and V(pt) = {(oi, ■ •., Om) G W | Ot = 1} for 1 < t < m. 

We will now show that M,T \=^ pc, whence pc is satisfiable. Note first that 
M, T \=^ ipc, since by the definition of T and V, for any w GT, the truth values 
of Pi in w correspond to an accepting computation of C. 

To prove M,T \=^ qi ■ ■ ■ qi C pi ■ ■ ■ pi, assume that (bi,...,bi) G T(qi,..., qi). 
Then i := tl( 6 i ,... ,bi) G P, and since P is S'c-persistent, there are j,k G P such 
that {i,j, k) G Sc. Thus, there is a tuple (oi,..., am) G {0,1}™ corresponding 
to an accepting computation of C such that (ai,...,a;) = (bi,... ,bi), j = 
tt(ai+i,... ,a 2 i) and k = ll(a 2 i+i,..., 03 ;). This means that (oi,... ,am) is in T, 
and hence (bi,... ,bi) G T(pi,... ,pi). The claim M ,T 1=^ ri • • • n Q Pi ■ ■ 'Pi is 
proved in the same way. 



Note that since M,T \= pm, we have T{pm, ■ ■ ■ ,Pm) = Fur¬ 

thermore, since 2* = jl(l,..., 1) £ P and P is S'c-persistent, there is an ele¬ 
ment (ai,... ,am) £ T such that (ai,...,ai) = Thus, we see that 

(1 ,..., 1) e T(pi,... ,p;), and consequently M,T pm - ■ -Pm C • • -pi- □ 

Corollary 1. The satisfiability and finite satisfiability problems of modal inclu¬ 
sion logic with lax semantics are EXPTIME-coTTiplete with respect to PSPACE 
reductions. 

Note that the formula pc used in the proof of Theorem [5] is in propositional 
inclusion logic, i.e., it does not contain any modal operators. Thus, our proof 
shows that the satisfiability problem of propositional inclusion logic is already 
EXPTIM E-hard. Naturally, this problem is also in EXPTIME, since propositional 
inclusion logic is a fragment of Mine. 

Corollary 2. The satisfiability and finite satisfiability problems of propositional 
inclusion logic with lax semantics are EXPTIME-co 77 iple<e with respect to PSPACE 
reductions. 

3.3 Upper bound for strict semantics 

In this section we show that the satisfiability and finite satisfiability problems 
for Mine with strict semantics are in NEXPTIME. The proof is a simple adapta¬ 
tion of the upper bound argument for lax semantics, but uses two-variable logic 
with counting, FOC^, which has NEXPTIME-complete satisfiability and finite 
satisfiability problems (but no finite model property). 

Let 0 be a formula of Mine. The equisatisfiable translation of 0 is obtained 
from the formula pg, which we defined when considering lax semantics. It is 
clear that pg translates via a simple extension of the standard translation into 
FOC^; see Q for the standard translation of modal logic. Let t{pg) denote the 
FOC^-formula obtained by using the (extension of the) standard translation. For 
each p £ SUB{pg), let t(x<^) denote the translation of the subformula Xv of pg; 
see the argument for lax semantics for the definition of the formulas Xv The 
only thing we now need to do is to modify the formulas t(xoip) and tixipvip)- 
In the case of t^x^v-ip), we simply add a conjunct stating that the unary 
predicates p^p and are interpreted as disjoint sets: -<3x{p,p(x) Ap^(a:)). 

To modify the formulas t(xo<p)y we appoint a novel binary relation for 
each formula ()p £ SUB(9). We then define the formula fi which states that 
is a function from the interpretation of onto the interpretation of p^. 

(3 :=yx{p(^p{x) 3 =^ 2 /(i?q<^xp Ap,^(p)) AyxVy{Rop,xy -£ {p(^^{x) Ap^{y))) 

A Vy(p^(p) ^ 3a:(po^(a:) A i?q^xp)). 

Define fl' := 'ix'slyi^R()p,xy —>■ Rxy ), where R is the accessibility relation of modal 
inclusion logic. The conjunction /3 A /?' is the desired modification of t(xOv)- 
The modification of t{pg), using the modified versions of t{X(pVip) and tipxov)^ 
is the desired FOC^-formula equisatisfiable with 9. The proof of the following 
theorem is practically identical to the corresponding argument for lax semantics. 
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Theorem 3. The satisfiability and finite satisfiability problems for Mine with 
strict semantics are in NEXPTIME. 


3.4 Lower bound for strict semantics 

Theorem 4. The satisfiability and finite satisfiability problems for Mine with 
strict semantics are NEXPTIME-Ziarii. 

Proof. We will provide a chain of reductions from Dependence-QBE-Validity (in 
short DQBF-VAL) to Inclusion-QBE-Validity (in short IncQBF-VAL), and finally 
to satisfiability of Mine with strict semantics. 

Peterson et al. introduced a so-to-speak dependence version of QBF by 
extending the usual QBF syntax to allow stating on which universally quanti¬ 
fied propositions an existentially quantified proposition solely depends. Instances 
of the problem are of the form (Vpi)(3gi\Pi) • • • (ypk){3qk\Pk) T (*), where 
each set Pi contains a subset of the propositions {pi,... ,pi} quantified univer¬ 
sally superordinate to qi, and is a propositional logic formula in the variables 
{pi,... ,pk} V {qi,... ,qk}. The set Pi indicates that the choice for the value of 
qi is given by a Boolean function that takes as inputs only the values of the 
variables in Pi (see 0 for the full details). 

By well-known standard arguments in the field of team semantics, it is easy 
to show that the formula of Eqn. (*) can be written in the alternative form 
(where pi lists the variables in Pi ) 

(Vpi)(3qi)---(Vpfe)(39fc)(v5A /\ dep{pi,q,)), (1) 

with the following semantics (where M is a Kripke model and T is a team). 

— M, T 1= Vp'i/; iff M', T^ \= if, where T^ is obtained from T by simultaneously 
replacing each w £ T by two new worlds u, v that agree with w on all 
propositions other than p, and the points u, v disagree with each other on 
p. M' is obtained from M by modifying the domain FF of M to the new 
domain W' = T'p\J {W \ T), and modifying the valuation of M to a new one 
that agrees with the specification of T^; outside T^ the new valuation agrees 
with the old one. The accessibility relation does not play a role here. 

— M, T \=3p if iS M', Tp 1= if, where Tp is obtained from T by simultaneously 
replacing each w £ T by a new world u that agrees with w on propositions 
other than p, and may or may not agree with w on p. Similarly to the case 
above, M' is obtained from M by modifying the domain IF of M to the new 
domain IF' = TpV (IF \ T), and modifying the valuation of M to a new one 
that agrees with the specification of Tp; outside Tp the new valuation agrees 
with the old one. The accessibility relation does not play a role here. 

— The connectives V and A are interpreted exactly as in the case of modal 
inclusion logic using strict semantics. Literals p, -<p are also interpreted as 
in modal inclusion logic. 
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— M, T \= dep(pi ,... ,pk,q) if each pair of worlds in T that agree on the truth 

values of each of the propositions pi,... ,pk, also agree on the value of q. 

Our formulation of the DQBF-VAL problem of Peterson et al. with al¬ 
ternative inputs such as those in Eqn. 1, is equivalent to the original problem. 
Peterson et al. showed that their problem lifts the computational complexity 
from PSPAC E-completeness (for the standard quantified Boolean formula valid¬ 
ity) to in fact NEXPTIME-completeness. 

Inclusion-QBF (IncQBF) is a language obtained from our formulation of the 
Dependence-QBF (DQBF). It translates the expressio ns depfpi,..., P k^ q) to in¬ 
clusion atoms in the way we next describe. Inspired bv iGalliani et all we ob¬ 
serve that inclusion atoms can simulate formulas dep(pi ,... ,pk,q), a.s the follow¬ 
ing example demonstrates: \/p\/q3r{dep{q, r)A(p) is equivalent to \/p\/q3r(\/s{sqr C 
pqr) A 1 ^), where is a formula of propositional logic. This can be generalized to 
work for expressions with conjunctions of atoms dep(pi,... ,pk, q) for arbitrary 
k. 

Now, for the last step, we need to explain how IncQBF-VAL finally reduces 
to MInc-strict-SAT. This is just a slight modification of the standard proof of 
Ladner showing PSPAC E-hardness of plain modal logic via a reduction from 
QBF validity [7|. The idea is to enforce a complete assignment tree. Further, 
one uses clause propositions which are true if the corresponding literal holds. 
Let us denote the formula which enforces the described substructure by (/Sstruc 
(for details, see 0 ) . The final formula is obtained from an IncQBF-VAL instance 
3riVr2 • • • Drn(ip A x) where ip is the conjunctive normal form formula and x is 
the conjunction of the inclusion atoms (stemming from the translation above); 
the final formula is then a formula of type (^struc AOD • • • A((^Ax), where A = □ 
if D = V and A = 0 if Q = 3. Let us denote this translation by the function 
/ which can be computed in polynomial time. Then it is easy to verify that 
if € IncQBF-VAL iff f{ip) G MInc-strict-SAT. It is straightforward to observe 
that this covers also the case for finite satisfiability. □ 

Corollary 3. The satisfiability and finite satisfiability problems of modal inclu¬ 
sion logic with strict semantics are NEXPTIME-complete. 


4 Conclusion 

We have compared the strict and lax variants of team semantics from the 
perspective of satisfiability problems for modal inclusion logic Mine. Interest¬ 
ingly, the problems differ in complexity. Strict semantics leads to NEXPTIME- 
completeness, while lax semantics gives completeness for EXPTIME. For the jour¬ 
nal version we plan to include a stronger polynomial-time reduction result for 
the EXPTIME lower bound of MInc-lax-SAT. In the future it will be interesting 
to study model checking problems for Mine under strict and lax semantics. Also, 
the complexity of validity problems for Mine and, related to this, proof-theoretic 
properties of the logic remain to be investigated. 
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Appendix 

Let M = (i7, (5, 7 , so; <5) be an alternating Turing machine. Thus, 17 is a finite 
tape alphabet, Q is a finite set of states, the function 7 : Q ^ {V, 3 , Acc, Rej} 
divides Q according to the type of the states (universal, existential, accepting, 
rejecting), sq £ Q is the initial state, and 6 : S x Q ^ V{S xQx {left, right, 0}) 
is a transition function. 

Configurations of M are defined as usual. If a is a configuration, we write 
s“ for its state. Furthermore, we write a /3 if a and /3 are configurations 
such that P can be obtained from a by a transition allowed by 5. Without loss 
of generality we assume that E = {0,1}, and |5(0, s)| = |(5(l,s)| = 2 for all 
s such that 7 ( 3 ) G {V, 3 }. Thus, if 7 (s“) G {V, 3 } for a configuration a, then 
there are exactly two configurations (3 such that a P- On the other hand, if 
7 ( 5 ) G l^cc, Rej}, we assume that ^(0, s) = <5(1, s) = 0. Thus, the computation 
halts in a configuration a such that 7 ( 3 “) G [Ace, Rej}. 

The sets AC{M) of accepting configurations and RC(M) of rejecting config¬ 
urations of M are defined recursively in the usual way: 

— If 7 ( 5 “) = Ace, then a G AC(M). 

— If 7 ( 5 “) = V and /3 G kC{M) for all /3 such that a (3, then a G AC{M). 

— If 7 ( 5 “) = 3 and there is /3 G AC{M) such that a >-^m 13, then a G AC{M). 

— If 7 ( 5 “) = Rej, then a G RC(M). 

— If 7 ( 5 “) = V and there is /3 G RC(M) such that a P, then a G RC(M). 

— If 7 (s“) = 3 and (3 G RC(M) for all /3 such that a P, then a G RC(M). 

The machine M accepts (rejects) a word re G A* if G AC{M) {a^ G 
RC(M), respectively) for the initial configuration of M with w as input. We 
denote the language [w £ E* \ M accepts wj by Lm- The machine M decides 
the language Lm, if in addition M rejects all inputs w ^ Lm- 

The class APSPACE consists of all languages Lm, where M is an alternat¬ 
ing Turing machine M that uses only polynomial number of tape cells. It is 
well known that if L G APSPACE, then there is a polynomial space alternating 
machine M that decides L, and which is acyclic in the sense that there are no 

>M-cycles among the configurations of M. 

Proof of PropositionUi Let L G APSPACE, and let M be an alternating Turing 
machine that works in polynomial space such that L = Lm- For each input word 
w G {0,1}* we construct a circuit Cm,w in polynomial time from w such that 
Cm,w is a positive instance of S-PER if and only if M accepts w. This shows 
that Lm is reducible to S-PER, and since this holds for every language Lm in 
APSPACE, and APSPACE = EXPTIME, it follows that S-PER is EXPTIME-hard. 

As explained above, we may assume that ^m is acyclic, and M decides the 
language L. Let / be the polynomial such that for all inputs of length n, M uses 
at most f{n) tape cells. Thus, if re = wi... tUn G (0,1}" is an input word for M, 
then we can encode the possible configurations of M during the computation on 
input w with tuples 

(al,...,a 2 „.+fc)G{ 0 ,l}'™+^ 
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where m := f{n), as follows: 

— (oi,..., am) represents the contents of the tape in a, 

— (om+i, • ■ •, a 2 m) encodes the position of the tape head in a: Qm+i = 1 iff the 
head is on the f-th cell, 

— (o 2 m+i 7 • ■ •, a 2 m+fe) encodes the state s“: 02 m+(i+i) = 1 iff s“ = Si, where 
sO) • • ■ 7 Sk-i, lists Q in some fixed order, 

The circuit Cm,w will now be defined in such a way that the following con¬ 
ditions hold: 

1 - Cm,w has 3^ input gates, where I = 2m -\- k. 

2. If a = (ai ,... ,ai) € {0,1}^ is a tuple which encodes a configuration a such 
that 7 (s“) = Acc, then Cm,w accepts the input add. 

3. If a = (ai,..., ai), b = {bi,... ,bi) and c = (ci,...,c;) are tuples in {0,1}* 

which encode configurations a, Pi and P 2 such that Pi ^ P 2 , 7 (s“) = V, 
a >—tM Pi and a P 2 , then Cm,w accepts the input dbc. 

4. If a = (ai,...,a;) and b = ( 61 ,..., 6 ;) are tuples in {0,1}* which encode 
configurations a and P such that 7 ( 5 “) = 3 and a P, then Cm,w 
accepts the input dbb. 

5. If a = (1,..., 1) G (0,1}* and b = {bi,... ,bi) G {0,1}* is a tuple that encodes 
the initial configuration a^j of M with input word w, then Cm,w accepts the 
input dbb. 

6 - Cm,w does not accept any other input tuples (oi,..., a^i) G {0,1}^*. 

Clearly the conditions 1-6 above can be checked in polynomial time with respect 
to I, and hence with respect to the length n of the input w. Thus, the circuit 
Cm,w can be constructed in polynomial time from the input word w. 

Assume first that M accepts the input w. Then the initial configuration of 
M with input w is in the set AC(M). Consider now the structure 2lc = (Ac, Sc) 
defined by the circnit C := Cm,w Let Pq C Ac be the set of all i = i((ai, ... ,ai) 
such that {ai,... ,ai) encodes a configuration a G AC(M). Using conditions 2-4 
and the definition of AC(M) it is easy show that Pq is S'c-persistent. But then, 
by condition 5, P = PoU{tt(I,...,I)} is an S'c-persistent set such that 2* G P, 
whence C is a positive instance of S-PER. 

Assume then that C := Cm,w is a positive instance of S-PER. Then there is 
an Sc-persistent set P such that 2* = 1(1,..., 1) G P. Let P^ be the set of all 
configurations a oi M such that tt(ai,...,o;) G P for the tuple (oi ,... ,ai) that 
encodes a. By conditions 5 and 6 , the initial configuration au, is in P^. Thus, 
it suffices to show that P^ C AC(M). 

Suppose this is not the case, i.e., P^ \ AC(M) ^ 0. Since P^ is finite, and 
m-m is acyclic, then there exists a configuration a G P^ \ AC{M) which does 
not have i-^M-successors in P^ \ AC(M). We divide the argument into cases 
according to the type 7 ( 5 “) of the state of a. 

— Observe first that 7 ( 5 “) = Acc is not possible, since a ^ AC(M). 
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— Assume that 7 ( 5 “) = Rej. Let (oi,..., a;) S {0,1}* be the tuple that encodes 

a. Then by conditions 2-6, there are no tuples ( 61 ,..., bi), (ci,..., c;) such 
that (tt(ai,..., ai), jl( 6 i,..., bi), jj(ci,..., c;)) S Sc- This means that a ^ , 

contrary to our assumption. 

— If 7 ( 5 “) = V, then by conditions 3 and 6 we see that / 3 i ,/32 G , where 
Pi and P 2 are the i-^M-successors of a. Since a has no i-^-M-successors in 
P^\AC{M), we have Pi-,P 2 G AC(M). But then by the definition of AC(M), 
also a € AC(M), contrary to our assumption. 

— If 7 ( 5 “) = 3, then by conditions 4 and 6 , Pi G P^ or P 2 G P^, where 
Pi and P 2 are the i-^M-successors of a. Since a has no 1 —^-M-successors in 
P^ \AC{M), it follows that either Pi G AC(M) or P 2 G AC(M). Hence, by 
the definition of AC(M), we have a G AC{M), contrary to our assumption. 

Since all the cases lead to contradiction, we conclude that P^ C AC{M). □ 
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